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For the first time, site-selective distortion has been investigated for two different

structural units in the ternary compound �-GaPO4 under the influence of a

permanent external electric field. Based on 54 measured reflection intensities,

the electric-field-induced distortion of PO4 and GaO4 tetrahedra in �-GaPO4

crystals is evaluated using a model of pseudoatomic displacements introduced

recently [Gorfman, Tsirelson & Pietsch (2005). Acta Cryst. A61, 387–396]. A

stronger variation of the P—O bond lengths in the PO4 tetrahedron was found

compared to the bonds in the GaO4 tetrahedron. The different distortions of the

tetrahedra owing to the electric field were analysed in terms of the valence

charge density of �-GaPO4 and its topological characteristics. The larger charge

of the P pseudoatom compared to the Ga atom was recognized as the main

reason for the higher sensitivity of the PO4 tetrahedron to a permanent external

electric field.

1. Introduction

In recent years, X-ray diffraction structural analysis, which

allows deriving and analysing electron density and thermal

motion in crystals, has been greatly improved (Tsirelson &

Ozerov, 1996). This progress can be characterized by three

major steps: (i) the improvement in accuracy of measured

X-ray diffraction intensities collected at synchrotron-radia-

tion sources; (ii) the development of models for recon-

structing the quasistatic electron density based on the

multipole model (Coppens, 1997); and (iii) the quantum-

mechanical analysis of bonding based on the theory of

atoms in molecules (Bader, 1990). After these achievements,

the study of the structural response of electron and nuclear

systems of a crystal to any distortion of the equilibrium

becomes very attractive. In addition to the temperature and

other nearly isotropic external perturbations, like hydrostatic

pressure, the study of structural distortions in crystals under

an external electric field (E-field) is most interesting. The

experimental methods applied for this purpose are described

by Aslanov et al. (1989), Graafsma et al. (1992, 1998), Stahn et

al. (1998, 2001), Davaasambuu et al. (2003) and Guillot et al.

(2004).

Gorfman et al. (2005) (hereafter referred to as paper I) and

Tsirelson et al. (2003) have recently undertaken a theoretical

study of a crystal response to an external E-field in terms of

the quantities derivable from an X-ray diffraction experiment.

It has been shown that the variations in X-ray diffraction

pattern induced by an external E-field are mainly related to

the displacements of rigid pseudoatomic fragments from their

equilibrium field-free positions. In the present work, we apply

the X-ray diffraction technique to the study of E-field-induced

pseudoatomic displacements in a gallium phosphate crystal,

�-GaPO4. This ternary compound is isostructural to �-quartz

and shows an alternative arrangement of GaO4 and PO4

Figure 1
The atomic structure of �-GaPO4.



tetrahedra along the direction of the hexagonal a3 axis (Fig. 1).

The structural distortions in �-quartz under an external E-field

were studied by X-ray diffraction techniques (Davaasambuu,

2003) and by theoretical density functional calculations

(Kochin et al., 2004). It was shown that the distortion can be

approximately described as rotations of nearly rigid structural

tetrahedra against each other. The same conclusion was

achieved in a number of high-pressure X-ray diffraction

studies of �-quartz (Hazen et al., 1989; Glinnemann et al.,

1992). On the other hand, Guillot et al. (2004) have shown that

accounting for small bond-length variations and intra-

tetrahedron angles improves the agreement between simu-

lated and measured X-ray diffraction intensities. Owing to the

isomorphic character of the �-GaPO4 and �-SiO2 structures,

the response of gallium phosphate as a whole to an external

E-field might be comparable to that for �-quartz. At the same

time, one may expect that the GaO4 and PO4 tetrahedra will

react differently to an external E-field owing to the difference

in the P—O and Ga—O bonding. The purpose of the present

investigation is to probe the different sensitivities of these

structural units to an external electric field and to find an

explanation in terms of the different characteristics of the

chemical bonds.

The procedure of the measurement of X-ray diffraction

intensities in an external E-field is very expensive and time

consuming. In order to analyse small variations of the

reflected intensity, one has to collect a sufficient count

number, n, providing a Poisson error, � ¼ 1=n1=2, of order

0.2%. Such good counting statistics cannot be achieved with a

laboratory X-ray tube and weak reflections; therefore we have

performed the experiment at beamline D3 at the Hamburg

Synchrotron Laboratory (HASYLAB). Even at a synchro-

tron-radiation source, only a few reflections can be collected

during a reasonable beamtime (ca 1 week), therefore the

reflections, measured in the presence of the external E-field,

were carefully selected on the basis of the theory described in

paper I. There we proposed an analytical expression that can

be used to estimate an E-field-induced intensity variation for

an arbitrary reflection and to choose those most sensitive to an

external E-field. Applying such a strategy for the diffraction

experiment, we can reduce the experimental effort to the

measurement of those reflections that carry the maximum

information about electric-field-induced atomic displace-

ments.

In x2, we describe the X-ray diffraction experiment with a

crystal under external electric field. x3 introduces the models

for data analysis; here the results obtained in paper I are

applied to gallium phosphate. x4 deals with the least-squares

methods applied to different models for the measured varia-

tions of X-ray diffraction intensities induced by an external

E-field. In x5, we consider the physical validity of the

pseudoatomic displacements and examine whether the

macroscopic dielectric properties can be reproduced on the

basis of the pseudoatomic model of the electron density.

Finally, we analyse the distortion of both of the tetrahedral

units and discuss the obtained results in terms of the respec-

tive bond characteristics.

2. Sample preparation and measurement technique

The �-GaPO4 crystals in the right-hand modification (space

group P3121) were purchased from the Piezocryst Company

(Austria). Plane wafer-shaped crystals with a thickness of

0.3 mm and a typical surface area of 1.0 cm2 were cut parallel

to the Miller planes (110) (X cut) and (100) (Y cut). The wafer

faces were polished and thin silver contacts, being transparent

to the X-rays, were deposited on both faces thus allowing the

application of an external voltage.

The modulation–demodulation X-ray diffraction technique

described by Puget & Godefroy (1975), Fujimoto (1982),

Stahn et al. (2001), van Reeuwijk (2002) and Guillot et al.

(2004) was used to measure the E-field-induced response of

the crystal structure. The room-temperature measurements of

X-ray intensities were carried out at the D3 bending magnet

beamline at HASYLAB equipped with a Huber four-circle

goniometer. After determination of the orientation matrix of

the samples, a series of rocking curves was recorded in the

!-scan mode for reflections selected according to the proce-

dure described in paper I. The periodically varying external

field was applied along the surface normal to the respective

wafer and the intensities were separately recorded into three

different detector channels correspondingly for positive, zero

and negative voltage. The time of charging/discharging the

sample capacity after the switching of the external voltage

from one value to another was excluded from the data

recording. The duration of the external modulation/demodu-

lation signal was 10 ms, which is long enough to consider

the applied voltage as permanent and short enough to avoid

the accumulation of screening charges at both sample

surfaces and crystal defects. Another purpose of an external

E-field modulation is the opportunity of quasisimultaneous

measurements of three different rocking curves corresponding

to the values of an external E-field (positive, zero, negative).

Therefore, the evaluated intensity differences of the measured

rocking curves are little affected by instabilities of experi-

mental equipment and beam intensity.

The wavelength of a primary X-ray beam was set by a

double-crystal Si (111) monochromator. The ability of a flex-

ible wavelength choice is important in the study of �-GaPO4

since the K-absorption edge of gallium (�K = 1.19 Å) is

accessible in this case. As shown in paper I, the sensitivity of a

reflection with respect to an external E-field can be maximized

by tuning a wavelength to a value close to the K-absorption

edge. For the data treatment, only rocking curves that were

free from multiple scattering (Umweganregung) were further

considered. The absence of multiple scattering was checked by

! scans at different  angles.

In order to distinguish between the ð11�220Þ and ð�11�1120Þ faces

of the sample (for the X-cut case), we measured the piezo-

electric shift of an angular peak position, �, related to the

change of crystal lattice parameters (external piezoelectric

effect) and, therefore, to the piezoelectric coefficients dijk:

�� ¼ � tan � dijkEiHjHk=H2; ð1Þ
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Ei and Hi are, respectively, the components of an external

E-field vector and the reciprocal-lattice vector in a Cartesian

system associated with the specific crystallographic setting

(Nye, 2004). Comparing the signs of the calculated and

observed peak shifts, we determined the correct orientation of

the polar axes relative to an external E-field. The piezoelectric

coefficients in the right-hand modification of �-GaPO4 were

taken from Krispel et al. (1997).

The rocking curves for each measured reflection were

scanned over ca 100 points of the !-circle positions. The scan

range was chosen to integrate the intensity with sufficient

accuracy and to measure the background level accurately. The

observed X-ray diffraction intensities were reduced to the

corresponding relative quantities

�I

I
¼

IE � I0

I0

; ð2Þ

where IE is the intensity measured with an applied E-field and

I0 is the zero-field intensity. The measurements were repeated

10–30 times for each reflection in order to provide a Poisson

error ��I=I ¼ 2=n1=2 of less than 0.2—0.3%, where n is the

total number of counts collected for each reflection.

Typically, 10–15 reflections can be measured during 1 week

of beam time using a point detector. In total, we measured

54 reflections for �-GaPO4 during four measurement sessions

(4 weeks of beamline time). The relative diffraction intensity

variation, averaged over all measured reflections, hj�I=Iji,

was 0.58%, with the mean standard uncertainty h�ð�I=IÞi

equal to 0.11%. For a few reflections with an optimum

wavelength close to the KGa-absorption edge, the �I=I value

reached more than 3%. The averaged relative standard

uncertainty " ¼ h½�ð�I=IÞ=j�I=Ij�i resulted in 21% and can

be considered as a reasonable characteristic of the experi-

mental data precision.

Typical rocking curves of a reflection measured for positive,

negative and zero values of an external E-field are shown in

Fig. 2.1

In addition to the above E-field measurements, we

performed an E-field-free X-ray diffraction experiment at

room temperature. This was done to get information about

atomic positions and the Debye–Waller factors of the crystal

without an external electric field. Here a cube of 50 mm in size

was cut from one of the wafers and the intensities of 333

independent high-angle reflections [0.65 < sin �=� < 0.75 Å�1

(34 reflections), 0.95 < sin �=� < 1.05 Å�1 (27 reflections) and

1.28 < sin �=� < 1.33 Å�1 (272 reflections)] were collected. The

refinement of the atomic positional parameters and the

elements of the atomic displacements tensor, Uij, was carried

out with the program MOLDOS97 (Protas, 1997; Hansen &

Coppens, 1978); it resulted in R factors of R = 0.011, Rw = 0.013

and goodness of fit S = 0.99. The thermal displacement par-

ameters are in good agreement with the results of previous

X-ray diffraction studies of �-GaPO4 (Baumgartner et al.,

1984; Litvin et al., 1987).

3. The models for the data analysis

In paper I, we considered a structural model representing a

crystal as a set of coupled harmonically vibrating rigid pseu-

doatoms (general model), which is most suitable for the

analysis of a crystal response to an external permanent E-field

on the atomic scale. We have found that the main contribution

to the change in X-ray diffraction intensity results from the

internal displacement of pseudoatoms, �R�, where �
enumerates the symmetry-independent pseudoatoms within a

unit cell. The relationship between the internal pseudoatomic

displacements and microscopic parameters of a crystal can be

written as

�R� ¼
X
�ðq�¼0Þ

X
�

Q�ðEe��Þe��
!2
�ðm�m�Þ

1=2
: ð3Þ

Here Q� is the charge of the pseudoatomic fragment, e��, !�
and q� are the polarization vectors, frequencies and wave-

vectors, respectively, of a specific phonon mode �; m� is a

nuclear mass and E is the vector of the external electric field.

The structure factor of a crystal in an external E-field is

FEðHÞ ¼
P
�

½f�ðHÞ þ f 0�ð�Þ þ if 00�ð�Þ�T�ðHÞ expð2�iHR�Þ

� exp½2�iH�R�ðEÞ�; ð4Þ

where H is the scattering vector, f�ðHÞ;T�ðHÞ are the atomic

scattering and temperature factors, respectively, R� are the

equilibrium positions of the pseudoatoms without an external

E-field, the sum is taken over the atoms within a unit cell.

Anomalous dispersion is taken into account as corrections to

atomic scattering factors.

In the kinematical approximation for X-ray diffraction, the

scattering intensity is proportional to the square of the

structure factor. The relative variation of the diffraction

intensity in an external E-field in this case is
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Figure 2
The typical change of a rocking curve induced by a permanent external
E-field.

1 The measured �I=I values, and the measured and simulated values of the
relative diffraction intensity variations are available from the IUCr electronic
archives (Reference: SH5033). Services for accessing these data are described
at the back of the journal.



�I

I
¼
jFEðHÞj

2 � jFE¼0ðHÞj
2

jFE¼0ðHÞj
2

: ð5Þ

The quantities (5) are measured in the experiment and should

be compared with the corresponding simulated values. The

variations of diffraction intensity can be calculated on the

basis of field-free parameters (atomic positions, Debye–Waller

and atomic form factors) and a specific model for the pseu-

doatomic displacements, induced by the static external E-field.

We used the results of our X-ray diffraction experiment (see

x2) to get the information on the crystal structure without an

external electric field.

For convenience, let us decompose the vector quantities in

expression (3) by the direct and reciprocal crystal-lattice

vectors. Denoting by the superscript index xi the vector

components with respect to the direct basis vectors and with

the subscript xi its components with respect to the reciprocal

basis vectors, one can rewrite (3) in the coordinate form:

�Ri
� ¼

P
j

ai
jð�ÞE

j: ð6Þ

The matrix elements ai
jð�Þ are considered as model par-

ameters and refined by fitting the model of relative intensity

variations to the experimental ones. They characterize the

displacement of the �th atom along the ith crystallographic

axis, induced by the 1 kV mm�1 external E-field parallel to the

jth crystallographic axis. From expressions (3) and (6), the

quantities ai
jð�Þ are related to the microscopic structural

parameters and the elements of a dynamical matrix, D, in the

centre of a Brillouin zone (Born & Huang, 1954):

ai
jð�Þ ¼

X
�ðq�¼0Þ

X
�

Q�e
i
��e��j

!2
�ðm�m�Þ

1=2
¼
X
�

Q�½D
i
jð��Þ�

�1

ðm�m�Þ
1=2

: ð7Þ

The total number of model parameters is defined by the

number of symmetry-independent atoms in a unit cell. If the

displacement of the �th pseudoatom is described by a

displacement tensor âað�Þ, then the response of a symmetry-

equivalent atom, �s, to an external E-field will be described by

the tensor

âað�SÞ ¼ ŜSâað�ÞŜS�1; ð8Þ

where S is a rotation matrix of the corresponding symmetry

operation. For the atoms occupying special positions (�s = �),

expression (8) is considered as an additional constraint,

related to their local symmetry. As a result, for the �-GaPO4

structure, one can get the following elements of the dis-

placement matrices to be refined on the basis of measured

diffraction intensity variations:

Ga :

a1
1ðGaÞ a1

2ðGaÞ a1
3ðGaÞ

0 a1
1ðGaÞ þ 2a1

2ðGaÞ 2a1
3ðGaÞ

0 a3
2ðGaÞ a3

3ðGaÞ

2
64

3
75 ð9aÞ

O1 :

a1
1ðO1Þ a1

2ðO1Þ a1
3ðO1Þ

a2
1ðO1Þ a2

2ðO1Þ a2
3ðO1Þ

a3
1ðO1Þ a3

2ðO1Þ a3
3ðO1Þ

2
64

3
75 ð9bÞ

P :

a1
1ðPÞ a1

2ðPÞ a1
3ðPÞ

0 a1
1ðPÞ þ 2a1

2ðPÞ 2a1
3ðPÞ

0 a3
2ðPÞ a3

3ðPÞ

2
64

3
75 ð9cÞ

O2 :

a1
1ðO2Þ a1

2ðO2Þ a1
3ðO2Þ

a2
1ðO2Þ a2

2ðO2Þ a2
3ðO2Þ

a3
1ðO2Þ a3

2ðO2Þ a3
3ðO2Þ

2
64

3
75: ð9dÞ

We should however take into account the particular wafer

orientation in our experiment, where the electric-field vectors

are always in the hexagonal plane. Therefore the pseudo-

atomic displacements induced by the c component of an

external E-field, i.e. the third columns of the matrices in (9) are

not available from the experiments performed in this work.

Moreover, the fact that the quantities jFEðHÞj
2 depend on the

relative positions of the atoms within the unit cell leads to an

additional constraint, which can be expressed asP
�

�R�ðEÞ ¼ 0 ð10Þ

or, in terms of the atomic displacement matrix, asP
�ðindÞ

P
s

ai
jð�; sÞ=s� ¼ 0: ð11Þ

Here the first summation is only carried out over the

symmetry-independent pseudoatoms and the second one over

all symmetry operations. The factor s� takes into account the

multiplicity of the point group, corresponding to the position

of the �th atom: in �-GaPO4, s� ¼ 1 for O atoms, s� ¼ 2 for

Ga and P atoms. After the summation over the symmetry

operations, expression (10) can be transformed into the

following form: P
�

½a1
1ð�Þ þ a2

2ð�Þ�=s� ¼ 0: ð12Þ

This constraint reduces the effective number of model par-

ameters by one. Finally, the total number of free parameters

that should be determined with �-GaPO4 in the general model

is 17.

In addition to the general model of pseudoatomic dis-

placements, we can consider two simplified models based on

specific assumptions for the phonon spectrum of a crystal

lattice. The first model assumes that atoms in the crystal

vibrate independently of each other (model of independent

atomic vibrations, IVAM, see paper I). Expression (7) can

then be transformed into

ai
jð�Þ ¼

Q��
ikgkj

2�2kBT
: ð13Þ
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Here kB is the Boltzmann constant, T is the absolute

temperature, �ik is a thermal displacement tensor, gij is a

metric tensor of a crystal lattice. In principle, all these quan-

tities can be known before starting an X-ray diffraction

experiment in the presence of the external E-field: the

elements of the thermal displacements tensors, �ij, can be

derived from X-ray diffraction structure analysis (at zero

external E-field); pseudoatomic charges, Q�, can be estimated

using a multipole-model refinement of the crystal electron

density or density functional theory (DFT) calculations. Thus,

expression (13) can be applied to get a priori estimations of

both the pseudoatomic displacements and the relative changes

in X-ray diffraction intensities induced by an external E-field.

Note, however, that exact values of pseudoatomic charges, Q�,

are not available since the decomposition of electron density

into a sum of rigid pseudoatomic fragments is ambiguous.

Therefore the quantities Q� in (13) may be considered as

model parameters, constrained by the condition of the elec-

troneutrality of a unit cell.P
�ðindÞ

Q�=s� ¼ 0: ð14Þ

Taking into account the number of symmetry non-equivalent

atoms and the condition (14), one can see that the total

number of independent parameters of the IVAM for �-GaPO4

is three.

The second simplified model is related to the Meissner

model, introduced in 1927 (Meissner, 1927), which is discussed

in a number of textbooks describing piezoelectric effect and

dielectric polarization in quartz-related materials. It is based

on the assumption that the pseudoatomic displacements are

always parallel or antiparallel to the external E-field and

yields

�R� ¼ a�E: ð15Þ

This model can be derived by replacing the frequencies of

phonon vibrations in equation (7) by an average value !� � !,

typical of the average frequency of optical phonon modes, and

then taking into account the orthogonality condition for the

phonon polarization vectors,
P

� ei
��e��j ¼ 	

i
j	��. In this case,

equation (7) transforms into

ai
jð�Þ ¼

Q�	
i
j

m�!
2
: ð16Þ

The coefficients a� are refined in the Meissner model; they

have the same values for symmetry-equivalent atoms. The

total number of independent parameters for �-GaPO4 is equal

to 3, since the origin must be fixed at one of the atoms.

4. Determination of model parameters from the
relative intensity variations

We used all models mentioned above to determine the values

of the model parameters, which are found by minimizing the

error sum functional

f ¼
X

i

ð�I=IÞiOBS � ð�I=IÞiMOD

�ð�I=IÞi

� �2

; ð17Þ

where ð�I=IÞiOBS and ð�I=IÞiMOD are the observed and model

values of the relative diffraction intensity variations, respec-

tively. The values for the X-ray diffraction intensity variations

are modelled on the basis of expressions (4) and (5). The

structural information and the models of pseudoatomic

displacements (see x3) are given in Table 1 and Table 2.

For the minimization of the error sum, we have used a

constrained algorithm (Powell, 1978) implemented in the

MATLAB program package (fmincon function). This method

utilizes sequential quadratic programming to solve the general

problem of a function minimization under specific constraints,

presented in the form of equations or inequalities.

The quality of a fit was estimated by calculating agreement

indices (weighted and unweighted R factors) for the relative

diffraction intensity variations defined as

Rw ¼

P
i wi½ð�I=IÞiOBS � ð�I=IÞiMOD�

2P
i wi½ð�I=IÞiOBS�

2

� �1=2

R ¼

P
i jð�I=IÞiOBS � ð�I=IÞiMODjP

i jð�I=IÞiOBSj
:

ð18Þ
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Table 1
The crystal structural parameters of �-GaPO4 obtained from the high-
angle X-ray diffraction experiment without an electric field.

Crystal lattice parameters (hexagonal setting)

a (Å) 4.9025 (1)
c (Å) 11.0526 (2)
V (Å3) 229.817

Positions of symmetry-independent atoms (space group P3121) (fractional
coordinates)

Ga O1 P O2

R1 0.45633 (2) 0.40865 (18) 0.45655 (5) 0.40934 (16)
R2 0.00000 0.31827 (17) 0.00000 0.27328 (17)
R3 0.33333 0.39221 (5) 0.83333 0.87188 (4)

Thermal vibration parameters [temperature factor is
T�ðHÞ ¼ expð�2�2

P
ij aiajUijhihjÞ, ai are reciprocal-lattice parameters]

Ga O1 P O2

U11 (10�2 Å2) 0.856 (4) 1.835 (17) 0.834 (5) 1.935 (18)
U22 (10�2 Å2) 0.706 (3) 1.347 (11) 0.615 (5) 1.237 (11)
U33 (10�2 Å2) 0.688 (2) 1.162 (10) 0.656 (5) 1.249 (12)
U12 (10�2 Å2) 1/2U22 1.084 (11) 1/2U22 1.089 (13)
U13 (10�2 Å2) 1/2U23

�0.395(10) 1/2U23
�0.483 (11)

U23 (10�2 Å2) �0.055 (1) �0.443 (8) �0.041 (3) �0.445 (8)

Table 2
Summary of pseudoatomic displacement models used in the refinements;
N is the number of free model parameters.

Model
Displacement
expression Constraints N

General �Ri
� ¼ ai

jð�ÞE
j

P
� ½a

1
1ð�Þ þ a2

2ð�Þ�=s� ¼ 0
+ symmetry constraints

17

IVAM �Ri
� ¼ Q��

ikgkjE
j=2�2kBT

P
� Q�=s� ¼ 0 3

Meissner
model

�R� ¼ a�E a1 ¼ 0 (fixed origin at
Ga atom)

3



The weights, wi, are related to the standard uncertainties by

wi ¼ 1=�ð�I=IÞ2i . The reliability factors, defined in this way,

are normalized to 100%, i.e. they take the value of 1 for zero

pseudoatomic displacements [ð�I=IÞiMOD ¼ 0].

The indices of the model fit over the 54 measured reflections

are shown in Table 3. It is evident that both the Meissner

model and the IVAM model provide a poor fit to the

experimental intensity variations. On the other hand, the

general model results in Rw = 0.18, which is even smaller than

the average relative standard uncertainty of the measured

values, hj�=ð�I=IÞji ¼ 0:21. In this sense, all the solutions with

weighted R factors less than 0.21 can be considered as

reasonable ones. Unfortunately, several different sets of

displacement parameters resulting in R factors smaller

than 0.21 were found. It requires an additional, physically

motivated, constraint to find the correct displacements of

pseudoatoms induced by the permanent external E-field. We

shall consider such a constraint in the next section.

5. Dielectric polarization derived from pseudoatomic
displacements

Let us analyse the pseudoatomic displacements, obtained

within the general model, in terms of the macroscopic

polarization of a crystal. The rigid pseudoatomic model for the

crystal electron density allows us to write the following

expression for the polarization vector of a crystal unit cell

induced by an external E-field:

�Pi ¼
P
�ðindÞ

Q�=s�
P

s

aijð�; sÞEj=V; ð19Þ

where V is the volume of a crystal unit cell. The vector and

tensor quantities in (19) are expressed in a Cartesian coordi-

nate system, associated with the hexagonal crystallographic

setting (Nye, 2004).

One can suppose that the dielectric polarization is homo-

geneous throughout the crystal space, including the surface,

and then vanishes outside the crystal. Under this assumption,

the dielectric polarization, �Pi, of a unit cell can be identified

with the dielectric polarization of all the crystal. The macro-

scopic theory (Lines & Glass, 1979) relates it to the vector of

the external electric field by the tensor of dielectric suscept-

ibility, of a crystal medium, "ij, and the vacuum susceptibility,

"0:

�Pi ¼ "0ð"ij � 	ijÞEj: ð20Þ

The independent dielectric constants for �-GaPO4, "11 = "22 =

6.2 and "33 = 6.6, are taken from Foulon et al. (1994).

Using (19) and (20), one can express the tensor of dielectric

susceptibility via the microscopic model parameters:

"ðexpÞ
ij ¼ 	ij þ

P
�ðindÞ

Q�=s�
P

s

aijð�; sÞ=ð"0VÞ: ð21Þ

One can require that the physically correct pseudoatomic

displacements have to provide the correct values of the

dielectric matrix of the compound (see above). In the present

work, we use this condition as an additional constraint for the

refinement of the general model. Because in our experiment

the electric field was always applied within the hexagonal

plane of a crystal lattice, the third column of a dielectric matrix

could not be determined from our experiment.

The pseudoatomic charges Q� have been calculated

according to Bader’s (1990) topological theory of the electron

density. The calculation of the ground-state electron density of

�-GaPO4 was performed using the density functional theory

approach as implemented in the program package WIEN2k

(Blaha et al., 2001), which utilizes ‘an augmented plane waves

plus local orbitals’ method. The calculation converged with

small values of atomic forces less than 1 mRy a.u.�1. The

atomic charges obtained by integration over the zero-flux

atomic basins (Bader, 1990) are QGa ¼ 1:77, QP ¼ 3:13,

QO1 ¼ �1:22, QO2 ¼ �1:23 e.

Evaluating the sum over symmetry operations, one can

rewrite (21) in the following form:

"ðexpÞ
11 ¼ 1þ 3

P
�ðindÞ

Q�=s�½a
1
1ð�Þ þ a2

2ð�Þ�=ð"0V Þ; ð22Þ

therefore the application of the above constraint leads to the

reduction of the number of independent parameters by 1. The

total number of independent parameters refined from the

experimental data is 16.

Under the condition "ðexpÞ
11 ¼ "11, the functional (16)

approaches a global minimum, characterized by the weighted

R factor, Rw = 0.21. It now has the same value as an averaged

relative standard uncertainty of observations, therefore our

obtained solution can be considered as satisfactory for the

present experimental data. At the same time, it reflects

physically meaningful results. Table 4 lists the resulting values

for the elements of displacement matrices of symmetry-inde-

pendent atoms along with the 16 standard uncertainties of

refined elements. The displacement matrices of the symmetry-

equivalent atoms are calculated on the basis of equation (8).

The corresponding displacements of pseudoatoms in �-GaPO4

induced by an electric field (1 kV mm�1) parallel to the [110]

direction are given in Table 5.2 Note that the values for the

atomic displacement can change slightly if the pseudoatomic

charges are calculated in another way.
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Table 3
The values of an error sum and R factors, obtained with different models
of pseudoatomic displacements induced by an external E field.

Model Error sum Rw R

Meissner 3079 0.424 0.423
IVAM 2168 0.356 0.350
General without constraint 548 0.179 0.172
General with constraint

(dielectric polarization)
754 0.210 0.190

2 See deposition footnote.



6. Discussion

A representation of structural variations in �-GaPO4 induced

by a permanent external E-field applied parallel to [110] is

shown in Fig. 3 presenting the projection of a crystal structure

on the hexagonal plane and in Fig. 4 showing the projection of

a structure to the plane perpendicular to the external E-field.

For the chosen direction of an external electric field, the

symmetry of a distorted crystal is reduced to the symmetry

group C2, with the twofold axis parallel to the electric field.

The tetrahedra centred at Ga1 and Ga2 as well as at P1 and P2

atoms are related to the corresponding symmetry operation.

However, that would not be the case for an arbitrary direction

of an electric field.

Fig. 3 shows that the shift of the cations (Ga, P) is almost

aligned in the direction of the field. In contrast, the shift of

each O atom does not exhibit a strong correlation to it. That

suggests that an external E-field primarily influences the

cation positions, while the displacements of anions approxi-

mately follow the movement of the cation in the centre of a

corresponding tetrahedron. The strength of a chemical bond

in the tetrahedral units influences the specific atomic shifts

greatly; the E-field-induced structural modifications tend, in

general, to keep the change of bond distances as small as

possible.
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Table 4
The elements of displacement matrices, refined on the basics of a general
model with constraint; the elements of the third columns cannot be
determined from the experiment and are marked by �.

Atom ai
j; 10�20 m2 V�1

Ga

0:581 �0:177 �

0 0:226 ð1Þ �

0 0:012 ð1Þ �

0
@

1
A

O1

0:048 ð1Þ �0:508 ð1Þ �

0:033 ð1Þ �0:339 ð2Þ �

�0:378 ð4Þ 0:193 ð2Þ �

0
@

1
A

P

0:266 �0:032 �

0 �0:201 ð1Þ �

0 0:107 ð1Þ �

0
@

1
A

O2

�0:020 ð1Þ �0:473 ð3Þ �

0:258 ð3Þ �0:326 ð2Þ �

�0:143 ð2Þ 0:412 ð4Þ �

0
@

1
A

Table 5
The displacements of pseudoatoms induced by an external E-field E =
1 kV mm�1 applied along the [110] direction (fractional coordinates).

�R1 (�10�5) �R2 (�10�5) �R3 (�10�5)

Ga1 0.824 0.462 0.025
Ga2 0.462 0.824 �0.025
Ga3 1.187 1.187 0.000
O11 �0.940 �0.624 �0.378
O12 �0.693 0.345 �0.395
O13 0.031 0.100 0.773
O14 �0.624 �0.939 0.378
O15 0.345 �0.693 0.395
O16 0.100 0.031 �0.773
P1 0.477 0.411 0.219
P2 0.411 0.477 �0.219
P3 0.542 0.542 0.000
O21 �1.007 �0.139 0.549
O22 �0.666 0.300 �0.841
O23 �0.569 �0.042 0.292
O24 �0.139 �1.007 �0.549
O25 0.300 �0.666 0.841
O26 �0.042 �0.569 �0.292

Figure 3
The displacements of pseudoatoms in (a) GaO4 and (b) PO4 sublattices
induced by an external E-field parallel to the [110] lattice direction shown
in projection on the hexagonal plane.

Figure 4
The displacements of pseudoatoms in (a) GaO4 and (b) PO4 sublattices
induced by an external E-field, parallel to the [110] lattice direction
shown in projection on the plane, perpendicular to the field direction.



In order to quantify the structural changes, we have calcu-

lated the following electric-field-dependent quantities, related

to the extent of distortion of the GaO4 and PO4 tetrahedra.

(i) The relative change of the cation–anion distances, d,

averaged over each tetrahedron:

�M�O ¼
X
tetra

�dMOi

dMOi

�����
�����

* +.
4; M ¼ Ga; P: ð23Þ

(ii) The relative change of anion–anion distances, averaged

over one tetrahedron:

�O�O ¼
X
tetra

�dOO

dOO

����
����

� �.
6: ð24Þ

(iii) The change of the tetrahedron distortion vector, �jpMj

(Guillot, 2002), where the tetrahedron distortion vector itself

is defined as

pM ¼
P4

i¼1

ROi
=4� RM; M ¼ Ga;P: ð25Þ

(iv) The relative change of the volume of a tetrahedron

induced by an external E-field, �V=V.

The above parameters, normalized to E = 1 kV mm�1, with

E//[110], are listed in Table 6.

The relative change of cation–anion distances (the first

parameter) is most informative for description of the distor-

tion of individual bonds in a tetrahedron. It can be considered

as a major property for performing bond-type selective

analysis of different bond-length changes. We find approxi-

mately 1.5 times stronger distortion of the bonds in the PO4

tetrahedron compared with GaO4.

The difference in the change of distances (the second

parameter) between various O atoms within the GaO4 and

PO4 tetrahedra is less pronounced; however, it is more influ-

enced by the neighbouring structural units, since each O atom

is shared by two neighbouring tetrahedra.

The change of the tetrahedra deformation vector (the third

parameter) characterizes the deviation of a structural unit

from its regular form: for the regular tetrahedron with the

cation at the geometrical centre, the distortion vector is zero.

Note that in �-GaPO4 both types of structural units (GaO4

and PO4) are already slightly distorted without an applied

field. The length of a distortion vector without an E-field was

found to be 0.0146 Å for GaO4 tetrahedra and 0.0135 Å for

PO4 tetrahedra. The field-induced deviation from regularity,

given in Table 6 (column 3), shows that PO4 tetrahedra tend to

keep a more regular form than GaO4 tetrahedra.

The relative change in the tetrahedron volumes (the fourth

parameter) differs by a factor of three. As seen in Table 6, the

response of a particular GaO4 or PO4 tetrahedron depends on

its relative position within the unit cell. For the given direction

of the E-field, the tetrahedra centred at the Ga1 and Ga2

atoms tend to be stretched, while the tetrahedra centred at the

Ga3 site are compressed. The distortion of the P tetrahedron

exhibits the opposite tendency, the structural units based on

the P1 and P2 atoms are squeezed while the tetrahedra

centred on the P3 atom are stretched.

The established distortion of the �-GaPO4 structure owing

to an external electric field is proved to be statistically

significant. To demonstrate this, we performed a constrained

minimization for a number of reflections less than 54 and

calculated the corresponding �M�O values averaged over all

the GaO4 and PO4 tetrahedra. The dependence of the tetra-

hedron distortion parameter on the number of reflections is

given in Fig. 5. It shows that our solution is stable enough and

the tetrahedron distortion does not critically depend on the

number of reflections used.

To clarify the nature of the behaviour of the GaO4 and PO4

tetrahedra, let us consider their distortions in the E-field as a

result of a competition of the purely covalent and purely ionic

responses of a structure to the external electric field. The

ionicity of a chemical bond can be roughly estimated by

considering the difference between electronegativities, 
i, of

bonded atoms (Pauling, 1939). On the Pauling scale, the values

of electronegativity for the Ga, P and O atoms are 
Ga = 1.6,


P = 2.1 and 
O = 3.5, respectively, therefore the electro-

negativity differences lead us to a conclusion that the Ga—O

chemical bond has larger ionicity compared with the P—O

one. This conclusion is in good agreement with results of the

calculation performed by Defregger et al. (1991) in the

framework of Levine’s bond-charge model (Levine, 1973).

According to Defregger et al. (1991), the ionicity of the Ga—O

bond in �-GaPO4 is 0.64 while the ionicity of the P—O bond is

0.46.
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Table 6
The distortion of the structural tetrahedra induced by an external electric
field applied in the [110] crystallographic direction.

Tetrahedra
�M—O

(�10�5)
�O—O

(�10�5)
�|pM|
(10�5 Å)

�V/V
(10�3%)

[GaO4]1 1.31 1.28 3.53 0.61
[GaO4]2 1.34 1.28 3.53 0.61
[GaO4]3 0.43 2.18 �7.06 �1.23
[PO4]1 2.30 1.76 2.66 �1.56
[PO4]2 2.30 1.76 2.66 �1.56
[PO4]3 3.25 1.44 �5.32 3.12

Figure 5
The dependence of the tetrahedra distortion parameter on the number of
reflections included in the refinement.



Using the DFT wavefunction, we have also performed a

topological analysis of the electron density, which considers

the features of the electron density itself, the Laplacian of the

electron density, the kinetic, potential and total electronic

energy densities (Bader, 1990; Tsirelson & Ozerov, 1996).

Consideration of these functions at the bond critical points

allows one to associate the bonds with the closed-shell, shared

interactions or intermediate atomic interactions. According to

Macchi et al. (1998), Tsirelson (1999), Bianchi et al. (2000),

Espinosa et al. (2002), Macchi & Sironi (2003), Marabello et al.

(2004), Stash et al. (2005) and Gatti (2005), both the Ga—O

and P—O interactions are intermediate ones, the Ga—O bond

is closer to the ionic limit, while the P—O bond has a more

pronounced covalent component (Table 7). The strength of

the chemical bond is described by the quantity he=�
(Espinosa et al., 2002), where he and � are the electronic

energy density and the electron density at the bond critical

point, respectively. In the case of �-GaPO4, the stronger the

interaction, the more negative the he=� magnitude. Table 7

shows that, in terms of the topological analysis of the electron

density, the P—O bond in �-GaPO4 is stronger compared to

the Ga—O bond.

From all these points of view, the chemical bonds in

�-GaPO4 have a dominant ionic character. Thus, the key

quantities, defining the distortion of the structural units owing

to the electric field, are the atomic charges: the electrostatic

forces, tending to deform the tetrahedra in �-GaPO4, are

proportional to the atomic charges. At the same time, the

covalent chemical bond is related to the electron-density

distribution between bonded atoms. The latter is responsible

for the forces tending to keep the tetrahedra undistorted by

the applied electric field. The competition of the two forces is

implicitly described by equation (7) relating E-field-induced

displacements of the �th pseudoatom with the pseudoatomic

charges of all atoms in the unit cell and the forces between

them. The covalency of a chemical bond between neigh-

bouring atoms influences the non-diagonal terms of the

matrix, Q�½D
ijð� 6¼ �Þ��1, while the diagonal elements

Q�½D
ijð��Þ��1 account for the ionic contribution to the atomic

displacements.

Taking into account the results listed in Table 7 and the

pseudoatomic charges QGa ¼ 1:77, QP ¼ 3:13, QO1 ¼ �1:22,

QO2 ¼ �1:23 e, we can conclude that the larger distortion of

the PO4 tetrahedron induced by the permanent external

E-field results from a larger value of the pseudoatomic charge

of the P atom and, consequently, larger electrostatic forces

deforming this tetrahedron. The strength of the P—O bond

(which is larger than the Ga—O bond) is not strong enough to

prevent the distortion of the PO4 tetrahedron in an external

E-field.

It would be reasonable to compare our results with the

results of other experiments taken under non-ambient

conditions. The X-ray diffraction under high pressure looks a

good choice for such comparison. Unfortunately, the only

available study of �-GaPO4 (Sowa, 1994) under high pressure

did not allow the site-selective analysis of the GaO4 and PO4

tetrahedra to be established.

Hazen & Downs (2000) in a number of high-pressure

diffraction studies have revealed that the distortion of a

coordination polyhedron, to a first approximation, is inde-

pendent of the particular crystal structure. In a similar way,

one can suppose that the distortion of tetrahedral units in the

external electric field will be only slightly dependent on the

specific crystal structure. It might be interesting to verify this

supposition in the future by studying other compounds with

the GaO4 and PO4 structural units under external electric

field.

In summary, in the present study, we have determined the

pseudoatomic displacement in �-GaPO4 induced by an

external strong electric field. Similar to �-quartz (Davaa-

sambuu, 2003; Guillot et al., 2004), the crystal E-field response

in �-GaPO4 cannot be described by the classical Meissner

model but by distortions of MO4 (M = Ga, P) structural units.

The strength of the tetrahedron distortion scales with the ratio

between the covalent and ionic character of the chemical

bond. For the first time, we have performed site-selective

analysis of the E-field-induced distortion of a ternary crystal

structure, here the distortion of PO4 and GaO4 tetrahedra in

�-GaPO4, and interpreted the bond distortions in terms of

specific features of charge density and the pseudoatomic

charges of this material.
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